Abstract. Let X be a (projective, geometrically irreducible, nonsingular) algebraic curve of genus g ≥ 2 defined over an algebraically closed field K of odd characteristic p ≥ 0, and let Aut(X ) be the group of all automorphisms of X which fix K element-wise. For any a subgroup G of Aut(X ) whose order is a power of an odd prime d other than p, the bound proven by Zomorrodian for Riemann surfaces is |G| ≤ 9(g − 1) where the extremal case can only be obtained for d = 3. We prove Zomorrodian's result for any K. The essential part of our paper is devoted to extremal 3-Zomorrodian curves X . Two cases are distinguished according as the quotient curve X /Z for a central subgroup Z of Aut(X ) of order 3 is either elliptic, or not. For elliptic type extremal 3-Zomorrodian curves X , we completely determine the two possibilities for the abstract structure of G using deeper results on finite 3-groups. We also show infinite families of extremal 3-Zomorrodian curves for both types, of elliptic or non-elliptic. Our paper does not adapt methods from the theory of Riemann surfaces, nevertheless it sheds a new light on the connection between Riemann surfaces and their automorphism groups.
Introduction
In this paper, X stands for a (projective, geometrically irreducible, nonsingular algebraic) curve of genus g ≥ 2 defined over an algebraically closed field K of any characteristic p, and, for an odd prime d different from p, G denotes a d-subgroup of Aut(X ), that is, a subgroup whose order is a power of d.
If K is the complex field, then X can be viewed as a Riemann surface, and for this case R. Zomorrodian proved |G| ≤ 9(g − 1); see [24, 25] . He also pointed out that the bound is sharp if and only if g − 1 is a power of d = 3 and g ≥ 10. His approach, inspired by Harvey's work [8] , was based on the method of Fuchsian groups including Singerman's Theorem, and it was largely used later in the studies of the minimum genus problem and the maximum order problem for other types of automorphism groups; see the survey paper [5] .
If K is any field, especially of positive characteristic, a completely different approach is necessary. However Zomorrodian's bound still holds, see Theorems 3.1 and 3.2. The most interesting case arises when the bound is sharp, that is d = 3, g = 3 h + 1, and |G| = 3 h+2 with h ≥ 1. For a curve X for which this occurs, we use the name "extremal 3-Zomorrodian curve". Obviously, G is then a Sylow 3-subgroup of Aut(X ).
In the present paper, extremal 3-Zomorrodian curves are thoroughly investigated. Our approach relies on Group theory. We look inside the action of G viewed as a permutation group on the points of an extremal 3-Zomorrodian curve X , and try to extract as much as possible useful properties regarding both the geometry of X and the structure of G. Doing so, deeper results on groups whose order is a prime power are helpful and can be used in the following way.
Since the center Z(G) of G is non-trivial, Z(G) contains some subgroup of order 3. Such a subgroup Z gives rise to a quotient curveX = X /Z so that the quotient groupḠ = G/Z is a subgroup Aut(X ). From Proposition 4.4, eitherX is elliptic with zero j-invariant, or the cover X |X is unramified, and in the latter caseX is also an extremal 3-Zomorrodian curve (with Sylow 3-subgroupḠ). Therefore, we are led to work out the former case, that is, to carry out a detailed investigation of "elliptic type" extremal 3-Zomorrodian curves.
It turns out that the assumption for a group to be a Sylow 3-subgroup G of an elliptic type extremal 3-Zomorrodian curve is quite restrictive; see Lemmas 5.1 and 5.3. In particular, either |Z(G)| = 3 or Z(G) is an elementary abelian group of order 9; see Proposition 4.4. In the former case G is of maximal nilpotency class, that is cl(G) = h + 1 where |G| = 3 h+2 ; while in the latter case cl(G) = h. Also, G contains a subgroup of index 3 which is either abelian, or minimal non-abelian; see Lemma 5.3 . These properties of G together with classical results of Burnside and quite recent results obtained in [17] are enough to determine completely the possibilities for G in terms of generators and relations; see Theorems 5.5 and 5.6.
Another important issue is the existence of extremal 3-Zomorrodian curves, especially of elliptic type. Analogously to what was proven for Riemann surfaces in [25] , no extremal 3-Zomorrodian curve of genus g = 4 exists; see Lemma 4.3. The only familiar example of a (non-elliptic type) extremal 3-Zomorrodian curve is the plane Fermat curve F 9 of degree 9 (and genus 28) which has an automorphism group G of order 243 isomorphic to (C 9 ×C 9 )⋊C 3 . Its quotient curveX = X /Z(G) is an elliptic type extremal 3-Zomorrodian curve of genus 10; see Example 4.1.
A complete, positive solution for the existence problem of elliptic type extremal 3-Zomorrodian curves is given in Section 6. For every h ≥ 2, we construct an elliptic type extremal 3-Zomorrodian curve X of genus g(X ) = 3
h + 1 as a degree 3 Kummer extension of an elliptic curve with vanishing j-invariant and prove that a Sylow 3-subgroup G of Aut(X ) has center Z(G) ∼ = C 3 × C 3 ; see Proposition 6.6. Among the four quotient curves arising from the order 3 subgroups of Z(G), just one is elliptic while the others are (possible isomorphic) elliptic type extremal 3-Zomorrodian curves of genus 3 h−1 + 1; see Remark 6.7. Actually, for h ≥ 4, at least two of the latter three curves are not isomorphic as both possibilities (being of order 3 or 9) for the center of a Sylow 3-subgroup do occur. Using the curve in the order 9 case, this process repeats as far as h ≥ 5 and provides at least two non isomorphic elliptic type extremal 3-Zomorrodian curves of genus 3 h−1 + 1. We illustrate how to obtain in this way several examples of genus 10, 28 or 82; see Examples in Sections 6 and 7.
In Section 8 we exhibit an infinite family of extremal 3-Zomorrodian curves of non elliptic type. Our final remark regards the case d = p not considered in the paper. Let S be a p-subgroup of X . If the p-rank γ(X ) of X is positive then Nakajima's bound yields |S| ≤ 3(g(X ) − 1), [16] see also [10, Theorem 11.84] , and this bound is attained by an infinite family of curves; see [7] . If γ(X ) = 0 then G fixes a point of X , see [6] or [10, Lemma 11.129] , and Stichtenoth's bound gives |S| ≤ 4p/(p − 1) 2 g, [20] ; see also [10, Theorem 11.78 ]. This case is thoroughly investigated in [13, 15] .
Background and Preliminary Results
For a finite subgroup G of Aut(X ), letX denote a non-singular model of K(X ) G , that is, a (projective non-singular geometrically irreducible) algebraic curve with function field K(X ) G , where K(X ) G consists of all elements of K(X ) fixed by every element in G. Usually,X is called the quotient curve of X by G and denoted by X /G. The field extension K(X )|K(X ) G is Galois of degree |G|. Since our approach is mostly group theoretical, we prefer to mostly use notation and terminology from Group theory rather than from Function field theory.
2.1. Background on automorphisms of algebraic curves. Let Φ be the cover of X |X whereX = X /G. A point P ∈ X is a ramification point of G if the stabilizer G P of P in G is nontrivial; the ramification index e P is |G P |; a pointQ ∈X is a branch point of G if there is a ramification point P ∈ X such that Φ(P ) =Q; the ramification (branch) locus of G is the set of all ramification (branch) points. The G-orbit of P ∈ X is the subset o = {R | R = g(P ), g ∈ G} of X , and it is long if |o| = |G|, otherwise o is short. For a pointQ, the G-orbit o lying overQ consists of all points P ∈ X such that Φ(P ) =Q. If P ∈ o then |o| = |G|/|G P | and henceQ is a branch point if and only if o is a short G-orbit. It may be that G has no short orbits. Result 2.3. Let g(X ) = 2. Then Aut(X ) has no subgroup of order 9.
2.2. Background on groups whose order is a power of an odd prime. In our proofs we use some basic results on d-groups, see [1, 2, 3, 11] , together with a corollary to the classification of finite subgroups of the projective linear group P GL(2, K); see [22] or [10, Theorem A.8] . Result 2.5 (Burnside basis theorem, see [11, Chapter 3, Satz 3.15] ). Let G be a d-group. Then G/Φ(G) is an elementary abelian group whose rank is equal to the minimum number of generators of G.
A non-abelian group is minimal non-abelian if each of its proper subgroups is abelian.
Result 2.6. [23, Lemma 2.2] Let G be a non-abelian d-group. Then G is minimal non-abelian if and only if G can be generated by two elements and
and n = cl(G) is the nilpotency class of G. Here cl(G) ≤ m − 1, and if equality holds then G has maximal nilpotency class. Let G be of maximal nilpotency class. Then its descending central series
has the same size m − 1, and
and G can be generated by two elements. 
Result 2.9 (Corollary to Dickson's classification, see also [22, Theorem 1] ). For an odd prime d, let G be a d-subgroup of P GL(2, K). If d = p then G is cyclic and it has two fixed points in the natural 3-transitive action of P GL(2, K) on the projective line over K.
2.3.
Preliminary results on 3-groups. Essential ingredients from Group theory in our proofs are a number of deeper results on 3-groups including classification theorems in terms of generators and relations.
Result 2.10. [17, Corollary 3.5] Let G be a 3-group of order at most 3 5 . If G has a unique minimal nonabelian subgroup then G is isomorphic to one of the following groups.
(i) Groups of order 3 5 and of maximal nilpotency class containing an abelian maximal subgroup; (ii) < a, b, c|a Result 2.12. [17, Theorem 3.6] . Let G be a 3-group of order ≥ 3 6 . Then G has a unique minimal nonabelian subgroup whenever G has no abelian maximal subgroup but it has a maximal quotientḠ such that (i)Ḡ is of maximal nilpotency class; (ii)Ḡ has an abelian maximal group.
Result 2.13. Let G be a group of order 3 m with m ≥ 4 whose center is an elementary abelian group of order 9 and contains a subgroup C of order 3 such that the quotient group G/C is of maximal nilpotency class. Then three of the four quotient groups G/Z with {1} Z Z(G) have center of order 3, and one has center of order 9.
Proof. With the above notation, Z 2 = {g : gvg
and (maximal) nilpotency class m − 2. Thus, |Z k | = 3 k+1 for 1 ≤ k ≤ m − 2. In particular, |Z 2 | = 27. For an order 3 subgroup U of Z 1 , letÛ = {u : uvu
Moreover, g ∈Û if and only if the coset gU is in Z(G/U ). Take g ∈ Z 2 \ Z 1 together with v ∈ G such that gv = vg, and set t = gvg −1 v −1 . Obviously, t ∈ Z 1 is a nontrivial element. Take for U the subgroup generated by t. ThenÛ Z 1 whence |Û | ≥ 27. Since |Z 2 | = 27 andÛ ≤ Z 2 , this yieldsÛ = Z 2 . Therefore, |Z(G/U )| = 9, and Z 2 = {g : gvg
The following classical result is due to Blackburn [4] , see also [11, Satz 14.17, 14.22] .
Result 2.14. Let G be a 3-group of maximal nilpotency class. Then its fundamental group G 1 is metacyclic with cl(G 1 ) ≤ 2, and (G ′ ) ′ = {1}. Furthermore, each of the maximal subgroups of G other than G 1 is also of maximal nilpotency class.
A refinement of Blackburn's classification [4] , see also [17, Lemma 2.11 ] is given in the following result.
Result 2.15. Let G be a 3-group of maximal nilpotency class and of order ≥ 3 5 . If (i) G has an abelian subgroup H of index 3, (ii) G can be generated by two elements, (iii) every element in G \ H has order three, then 
Multiply both sides by α. Since α, s 1 and s 2 commute pairwise, Equation (6) 
2n+1 , e ≥ 3;
where
Proof. Since G is assumed to have a unique minimal non-abelian subgroup H, Claim (i) follows from [17, Theorem 3.7] . Therefore, H is assumed to be non-metacyclic. From [17, Theorems 3.8, 3.9] , G is one of the non-isomorphic groups below where k = 0, 1, 2 and ν = 1, 2. (1) or Case (II)(1) occurs for G as they are the unique possibilities for G such thatḠ is one of the groups in Result 2.15. In both cases, s 1 , s 2 is a minimal non-abelian subgroup, and hence H = s 1 , s 2 . It remains to prove that Cases k = 0, 1 cannot actually occur. For this purpose, an inductive argument on |G| is used.
We begin with Case (I)(1). First, let |G| = 3 2e+2 with e ≥ 2. Observe that x ∈ Z(G) as x commutes with both s 1 and β by [x, β] = [x, s 1 ] = 1.
2.3.7.
Step 2. We prove [x,
2.3.8.
Step 3. We prove that s (8) [
Since both subgroups s 
which is equal to s , we also have that s
is another generator of Z(G).
2.3.9.
Step 4. The quotient groupG = G/ s
is given bỹ
and henceG satisfies Case (II)(1) with the same value of k as in G. From s
∈ H, in the natural homomorphism G →Ḡ, every element of order 3 in G \ H produces an element inG of the same order 3. Therefore,G \H contains at least as many as 4|G|/9 elements of order 3.
2.3.10.
Step 5. With some formal changes, the above arguments apply to Case (II)(1). Therefore, if G satisfies Case (II)(1) with a given value of k thenG = G/ s satisfies Case (I)(1), and it has at least as many as 4|G|/9 elements inG \H.
2.3.11.
Step 6. Therefore, with an inductive argument on e, it suffices to rule out the cases k = 0, 1 when |G| is assumed to be as small as possible, namely |G| = 3 6 , that is, e = 2. A MAGMA aided computation shows that if |G| = 3 6 and k = 0 then G ∼ = SmallGroup(729, 49) while if k = 1 then G ∼ = SmallGroup(729, 54). In the former case G \ H contains 162 < 324 = 4|G|/9 elements of order 3, a contradiction. In the latter case G \ H contains no elements of order 3, again a contradiction.
2.4.
Some preliminary results on 3-groups of automorphisms of elliptic curves. Assume that p = 3. LetĒ be the elliptic curve of homogenous equation
ThenĒ has zero j-invariant, P = (−1, 0, 1) is an inflection point ofĒ, and the map (X, Y, Z) → (X, εY, Z) with a primitive cubic root of unity ε is an order 3 automorphismᾱ ofĒ fixing P . Actually,ᾱ has two more fixed points onĒ, namely P 1 = (−ε, 0, 1) and
is another order 3 automorphism β ofĒ. Sinceᾱ andβ commute,β preserves the pointset π = {P, P 1 , P 2 }. LetJ(Ē) denote the translation group ofĒ. Thenβ belongs toJ(Ē) butᾱ does not. Choose a 3-subgroupḠ of Aut(Ē) such that some element of order 3 ofḠ has a fixed point onĒ. Since Aut(X ) acts transitively on the points ofĒ, such a fixed point may be assumed to be P . Then (i) |Ḡ| = 3 h+1 with h ≥ 1; (ii) |Ḡ P | = 3. Furthermore,Ḡ P = ᾱ andβ ∈ Z(Ḡ). More precisely, Z(Ḡ) = β as Z(Ḡ) preserves π and (ii) holds.
Proof. If |Ḡ| = 9 thenḠ = β ×Ḡ P an the claim follows for h = 1 byβ ∈ J(Ē). LetW =Ḡ ∩ J(Ē). ThenW is a nontrivial normal subgroup andĜ =Ḡ/W is a subgroup of Aut(Ê) where the quotient curveÊ =Ē/W is also elliptic as no nontrivial element in J(Ē) fixes a point inĒ. By induction on h, assume thatĜ =T ⋊ĜP whereT < J(Ê) andP is the (unique) point ofÊ lying under P in the coverĒ|Ê. LetT be the subgroup ofḠ containingW such thatT =T /W . Then no nontrivial element inT fixes a point ofĒ. Furthermore, |T | = |H|, andT is a normal subgroup ofḠ. Therefore,Ḡ =T ⋊Ḡ P . Now, let o be theT -orbit of P , and take any pointP ′ from o. ThenP ′ =t(P ) for somet ∈T . On the other hand, J(Ē) contains an element j such thatj(P ′ ) = P . Thenjt(P ) = P whencej ∈Ḡ. Since |o| = |T | this yields thatḠ ∩ J(Ē) contains at least as many as |T | = |H| elements. AsḠ P ∩ J(Ē) is trivial, this shows thatḠ ∩ J(Ē) =T whence the claim follows.
Lemma 2.18. The centralizer CḠ P ofḠ P inḠ is an elementary abelian group of order 9.
Proof. SinceḠ P = ᾱ andᾱ fixes exactly three points, namely those in π, CḠ(Ḡ P ) preserves π. This together withḠ P yield |CḠ(Ḡ P )| = 3. Therefore CḠ(Ḡ P ) is the direct product ofḠ P and Z(Ḡ) = β .
The possibilities for the structure ofH =Ḡ ∩ J(Ē) in Lemma 2.17 are rather restricted.
Proof. SinceH is a subgroup of J(Ē), we haveH =Ū ×V whereŪ ∼ = C 3 i × C 3 j with i ≥ j and i + j = h. LetT =ᾱŪᾱ −1 . Consider the set of all elementsū ∈ U such thatᾱūᾱ −1 ∈Ū . Actually, this setW is a subgroup ofŪ . SinceŪ is cyclic,W is also cyclic and it consists of all elementsū ∈Ū whose order divides |W |. In particular, sinceū andᾱūᾱ −1 have the same order,ū ∈W impliesᾱūᾱ −1 ∈W , that is, the subgroup ofḠ generated byW together withᾱ is the semidirect productW ⋊ ᾱ .
IfW is trivial thenŪ ∩T = {1} and henceŪ ×T is a subgroup ofH, whenceH =Ū ×T and the first claim follows. Otherwise,W ⋊Ḡ P is a proper subgroup ofḠ. SinceW is cyclic, we have |W | = 3. ThereforeW ⋊Ḡ P has order 9 and is abelian. ThusW ⋊Ḡ P =W ×Ḡ P . Therefore a generator ofW commutes withᾱ, and henceW = β showing thatW = Z(Ḡ). Look at the quotient groupĤ =H/Z(Ḡ). Since Z(Ḡ) =W ≤Ū , we have thatÛ =Ū /Z(Ḡ) is a subgroup ofĤ of order 3 i−1 . The same holds for the subgroupT =T /Z(Ḡ) of order 3 i−1 . Letŝ ∈Û ∩T . Ifŝ is nontrivial then there existū,t ∈Ū \W such thatūt −1 ∈W . Ifū =t thenū =ᾱū ′ᾱ−1 for someū ′ ∈Ū . This impliesū ′ ∈W whenceū ′ ∈ Z(Ḡ) andū =ū ′ ∈ Z(Ḡ), a contradiction. Similarly, ifū =tβ (orū =tβ 2 ) thenū =ᾱū ′ᾱ−1β for someū ′ ∈W . Sinceβ ∈W , this impliesū =ū ′β whenceū ∈W = Z(Ḡ), a contradiction. Therefore,Û ∩T is trivial, and |Ĥ| = |Û ||T | whence |Ĥ| = 3 2(i−1) . On the other hand, |Ĥ| =
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Lemma 2.20. If h ≥ 2 then the following hold.
(i)Ḡ is of maximal nilpotency class.
(ii)Ḡ can be generated by two elements. (iii) Every element inḠ \H has order 3. (iv) In terms of generators and relations,Ḡ is given in Result 2.15.
Proof. AsḠ is non-abelian andH is an abelian maximal subgroup ofḠ, Result 2.8 applies. Since |Z(Ḡ)| = 3, this gives the first claim whence the second claim follows by Result 2.7. To prove the third claim, apply the Hurwitz genus formula forḠ. Fromᾱ ∈Ḡ,Ḡ has k ≥ 1 short orbits and Hurwitz genus formula gives
Therefore, g = 0, k = 3 and ℓ i = 1 3 |Ḡ|. Sinceᾱ has exactly three fixed points, the same holds for every nontrivial element in Aut(Ē) fixing a point. Thus, ℓ i produces as many as 
Case d = p
Let G be a subgroup of Aut(X ) whose order is d h where d is a prime and h ≥ 1 is an integer. If the quotient curveX = X /G has genus g(X ) ≥ 2, then the Hurwitz genus formula yields |G| ≤ g(X )−1. IfX is elliptic, then the cover X |X is ramified, and the Hurwitz genus formula gives 2(g(X )− 1) ≥ |G|− |ℓ| where where ℓ is any short orbit of G.
We are left with the case whereX = X /G is rational. Assume that |G| > 4(g(X ) − 1). Then the quotient curveX is rational; see, for instance, the proof of [10, Theorem 11.56] . Therefore, the Hurwitz genus formula applied to G gives
where |G| = d m and ℓ 1 , . . . ℓ k denote the short orbits of G on X . Since g(X ) ≥ 2, (9) yields that G has at least 3 short orbits. Also, in (9) each ℓ j is a power of d. For d = 3 this yields |G| ≤ 9(g(X ) − 1) and if equality holds with g(X ) = 2 then G is not abelian by (ii) of Result 2.1. Actually, the case g(X ) = 2 with |G| = 9 cannot occur from Result 2.3.
Dealing with the case
holds for every i. If G has exactly three short orbits then (9) gives,
, again a contradiction. We are left with the case where G has at least 5 short orbits. Since d ≥ 5, the Hurwitz genus formula gives
; again a contradiction. Therefore, the following result is obtained.
, if equality holds then G is not abelian and g(X ) = 2.
For abelian groups, the above bound is sharp for d ≥ 5. In fact, the Fermat curve F d of affine equation
and Aut(F q ) has an abelian subgroup of order d 2 which is the direct product of two cyclic groups of order d.
For non-abelian groups a slight improvement on the bound in Proposition 3.1 is given.
such that the quotient curveX = X /Z has genus at most 1 thenX is elliptic and
, apart from the case where
, and |G| = 9(g(X ) − 1).
Proof. Obviously, Z is a proper subgroup of G. If the quotient curveX = X /Z is rational then the quotient groupḠ = G/Z is a isomorphic to a subgroup of P GL(2, K). From Result 2.9,Ḡ is a cyclic group. But this yields that G is an abelian group, a contradiction. ThereforeX is elliptic. Since the set consisting of all fixed points of Z is left invariant under the action of G, it is partitioned in G-orbits, say Ω 1 , . . . , Ω k . From the Hurwitz genus formula applied to Z, 
whence (11) follows. In the exceptional case, (12) holds with g(X ) > 2.
Extremal 3-Zomorrodian curves
From now on p = 3, is assumed. We use the name of "extremal 3-Zomorrodian curve" for any curve X with a non-abelian 3-subgroup G in Aut(X ) attaining the bound in Proposition 3.2 for d = 3. Obviously, the group G with respect to an extremal 3-Zomorrodian curve X is a Sylow 3-subgroup of Aut(X ). We begin with two sporadic examples.
Example 4.1. The genus 10 curve X with affine equation x 6 y 3 + x 3 y 6 + 1 = 0 has a non-abelian automorphism group of order 81 isomorphic to "SmallGroup"(81,9) in the MAGMA database.
Example 4.2. The Fermat curve F 9 of degree 9 has genus 28 and Aut(F 9 ) has a non-abelian subgroup of order 243 which is the semidirect product of an abelian group of order 81 (direct product of two cyclic groups) and a subgroup of order 3.
We remark that Example 4.1 is the quotient curve of F 9 with respect to the center of its automorphism group of order 243. This shows that the non-elliptic case in Proposition 4.4 can occur.
The following proposition shows that no extremal 3-Zomorrodian curve of genus 4 exists.
Lemma 4.3. There exists no extremal 3-Zomorrodian curve of genus g(X ) = 4.
Proof. By contradiction, X is a genus 4 curve and G is a subgroup of order 27 in Aut(X ). From (ii) of Result 2.1, G is not abelian as 27 > 4g(X ) + 4 = 20. Up to isomorphisms, there exist two non-abelian groups of order 27, namely G = U (3, 3) = (C 3 × C 3 ) ⋊ C 3 and G = C 9 ⋊ C 3 . In both cases, the center Z(G) of G has order 3, and the G/Z(G) is an elementary abelian group of order 9. In the latter case, G = a, b :
and G has three subgroups of order 9 while the elements of order 3 form an elementary abelian subgroup H of order 9.
The Hurwitz genus formula applied to Z(G) reads,
where ∆ counts the number of fixed points of Z(G).
IfX is rational, then a Sylow 3-subgroup of Aut(X ) is cyclic by Result 2.9, a contradiction. Case g(X ) = 2 does not occur by Result 2.3.
HenceX is elliptic, and ∆ = 3. The latter claim yields that G has a short orbit of size 3. Therefore, |G P | = 9 for any point P fixed by Z(G). From [10, Theorem 11.49] G P is a cyclic group of order 9, this rules out case G ∼ = U (3, 3) . Finally, to deal with case G = C 9 ⋊ C 3 two cases are distinguished according as an element g ∈ G \ Z(G) of order 3 has a fixed point or not. In the former case, no element in G \ Z/G) has a fixed point, as being conjugate to g or g 2 in G. Furthermore, no element G of order 9 other than those in G P has a fixed point as its cube is in Z(G). Therefore, from the Hurwitz genus formula applied to G, 6 = 2g(X ) − 2 = 54(g(X ) − 1) + 24, which is a contradiction. In the latter case, g has exactly three fixed points. In fact, ifH is the quotient group H/Z(G) then the Hurwitz genus formula applied toH gives 0 = 2g(X ) − 2 = 3(g(X ) − 2) + 2λ whereX is the quotient curveX /H andλ counts the number of fixed points ofH onX . From this, g(X ) = 0 andλ = 3. Hence the unique short H-orbit has size 9.
Therefore, G has two short orbits, one consists of the three fixed points of Z(G), the other has length 9. From the Hurwitz genus formula applied to G, 6 = 2g(X ) − 2 = −54 + 24 + 18 = −12, which is a contradiction.
The following result shows that the center of a Sylow 3-subgroup of Aut(X ) plays an important role in the study of extremal 3-Zomorrodian curves X . Proposition 4.4. Let G be a Sylow 3-subgroup of Aut(X ) of an extremal 3-Zomorrodian curve X of genus g(X ) = 3 h + 1 with h ≥ 2. Let Z be an order 3 subgroup of Z(G). Then the quotient curveX = X /Z is either elliptic (with zero j-invariant), or an extremal 3-Zomorrodian curve of genus 3 h−1 + 1 andḠ = G/Z is a Sylow 3-subgroup of Aut(X )
Proof. By Proposition 3.2, g(X ) > 0. From Lemma 4.3, |G| ≥ 81 and hence g(X ) = 2 by Result 2.3.
First case g(X ) > 2 is considered. From the Hurwitz genus formula applied to Z, g(X ) − 1 ≥ 3(g(X ) − 1). Since g(X ) − 1 = 9|G| and |G| = 3|Ḡ|, this yields g(X ) − 1 ≥ 9. Now, from Proposition 3.2 applied to e = 3, g(X ) − 1 = 9|Ḡ| follows.
From now on, g(X ) = 1. With notation as in the proof of Proposition 3.2, |G Pi | = 3|Z Pi |, and 2(g(X ) − 1) = k 2 9 |G|. For k ≥ 2, this yields (11) with equality. Therefore, k = 1, and the set Ω of all fixed points of Z has size 1 9 |G|. Take a point P ∈ X such that G P is non-trivial. LetP be the point ofX lying under P in the cover X |X . There is a subgroupM in Aut(X ) which acts onX as G P does on the Z-orbits. The quotient curveX =X /M is rational asM fixesP . More precisely, the Hurwitz genus formula applied toM yields 0 = −6 + 2λ where λ counts the fixed points ofM . Hence, λ = 3. Observe thatM is not contained in the center Z(Ḡ), otherwise the set of fixed points ofM is left invariant byḠ and hence |Ḡ| = 9 which contradicts |G| ≥ 81. This yields that |Z(Ḡ)| = 3, since the group Z(Ḡ)M generated by Z(Ḡ) andM has order at most 9 butM Z(Ḡ). Therefore |Z(G)| = 3, 9.
From the Hurwitz genus formula applied to G,
(|G| − ℓ j ) where ℓ 1 , . . . , ℓ j are the sizes of the short G-orbits other than Ω. Since |G| and ℓ i are powers of 3, this yields j = 2 and ℓ 1 = ℓ 2 = 1 3 |G|. Therefore, |G P | = 9 for P ∈ Ω, otherwise |G P | = 3 or G P is trivial. From this we infer that Z is the unique order 3 subgroup of Z(G) such that the quotient curveX is elliptic. In fact, if Z(G) contains a subgroup U of order 3 other than Z such that the quotient curve X /U is elliptic, then the above argument applied to U shows that the set of fixed points of U has size 1 9 |G| and hence it must coincide with Ω. But this is impossible in our case, as the stabilizer G P with P ∈ Ω is a cyclic group, and hence it can contain only one subgroup of order 3.
Let θ be one of the two short G-orbits of length 1 3 |G|, and take point Q ∈ θ. Then the stabilizer U = G Q has order three, and U ∩ Z = {1}. Furthermore, the quotient groupŪ = U Z/Z is isomorphic to U and it is a subgroup of Aut(X ) of order three. The same holds true for the other short G-orbit σ.
The quotient curveX =X /Ū is rational. In fact, the coverX →X ramifies as U preserves the Z-orbit θ containing the point Q. From the Hurwitz genus formula applied toŪ ,
whereλ is the number of fixed points ofŪ . Henceλ = 3. IfQ 1 ,Q 2 ,Q 3 are the fixed points ofŪ then each of the three Z-orbits θ 1 , θ 2 , θ 3 lying overQ 1 ,Q 2 ,Q 3 respectively is preserved by U . If a point in such a Z-orbit is fixed by U then the same Z-orbit is fixed by U pointwise. Since one of these three Z-orbits contains Q, it turns out that U fixes either 3, 6 or 9 points in θ 1 ∪ θ 2 ∪ θ 3 . Furthermore, U has no other fixed point. From now on, |Z(G)| = 9 is assumed.
We are in a position to prove that V = Z(G) is not a cyclic group of order 9. Assume on the contrary that V ∼ = C 9 . LetX = X /U . From the Hurwitz genus formula applied to U ,
withλ ∈ {3, 6, 9}. Since g(X ) − 1 is divisible by 27, (13) and assumption g(X ) ≥ 28 yield that g(X ) − 1 is not divisible by 9. Since no nontrivial element in V fixes a point off Ω, each V -orbit disjoint from Ω has size 9. Since the number of fixed points of U does not exceed 9, this yields that U has as many as 9 fixed points. We find all points in X where the cover X |X ramifies. If some nontrivial element v ∈ V fixes a point P ∈ X , then P is also fixed by Z since either v ∈ Z, or v ∈ Z and v 3 ∈ Z. This shows that Ω is the set of all points which are fixed by some nontrivial element in V . More precisely, if P ∈ Ω then either |V P | = 3, or |V P | = 9. Since Ω is a G-orbit and V is a normal subgroup, either |V P | = 3 for all P ∈ Ω, or |V P | = 9 for all P ∈ Ω. As Z = U , we have U ∩ V = {1}. ThenṼ = V U/U is a subgroup of Aut(X ) isomorphic to V . LetΩ denote the set of all points ofX lying under the points of Ω in the cover X |X . Since U has no fixed point in Ω, we have |Ω| = 1 27 |G|. This shows that either |ṼP | = 3 for all pointsP ∈Ω, or |ṼP | = 9 for all pointsP ∈Ω. Now we prove that no nontrivial element inṼ has a fixed point outsideΩ.
By way a contradiction, take a pointR fixed by a nontrivial elementṽ ∈Ṽ . Let ρ be the U -orbit consisting of all points lying overR in the cover X |X . Then ρ is left invariant not only by U but also by a nontrivial subgroup W of V fixing a point in ρ where W U/U ∼ = ṽ . Since U ∩ W = {1}, the subgroup T = U W has order either 27 or 9, according as |W | = 9 or |W | = 3. The former case cannot actually occur. In fact, since |ρ| = 3 we have |T R | = 1 3 |T | for any R ∈ ρ. On the other hand |T R | = 3 by R ∈ Ω. Therefore, T = U × Z, and ρ is a common orbit of U and Z. The latter claim shows that the pointR lying under ρ in the cover X |X is fixed byŪ . Since no fixed point of U lies in ρ, this shows thatŪ fixes at least four points, namelȳ R and each of the three points lying under the fixed points of U in the cover X |X . But this contradicts the previous claimλ = 3.
From the Hurwitz genus formula applied toṼ ,
where X * denotes the quotient curveX /V and either c = 2, or c = 8, according as |V P | = 3 or |V P | = 9 for P ∈ Ω. A contradiction is now obtained since 9 divides both 9(g(X * ) − 1) and |G| 27 , but it does not g(X ) − 1.
Remark 4.5. The proof of Proposition 4.4 also shows some useful properties of the action of a Sylow 3-subgroup G of Aut(X ) of an extremal 3-Zomorrodian curve X of genus g(X ) = 3 h + 1 with h ≥ 2. Here, we mention some of them: G has exactly 3 short orbits, namely Ω of size 1 9 |G|, θ and σ both of size 1 3 |G|. The subgroup Z < Z(G) such that X /Z ∼ =Ē is elliptic, fixes Ω pointwise. If |Z(G)| = 9, no other non-trivial element in Z(G) ∼ = C 3 × C 3 has fixed a point on X . The stabilizer of P ∈ Ω fixes exactly three points in Ω while the stabilizer of Q ∈ θ fixes as many as |Z(G)| points, each lying in θ, and the same holds for Q ∈ σ.
Elliptic type extremal 3-Zomorrodian curves
In the light of Proposition 4.4, it is useful to adopt the term of "elliptic type" for an extremal 3-Zomorrodian curve X if the center Z(G) of a Sylow 3-subgroup of Aut(X ) contains a subgroup Z of order 3 such that the quotient curve X /Z is elliptic. With this definition, all examples from Section 6 are of elliptic type. By Lemma 4.3, any extremal 3-Zomorrodian curve of genus 10, in particular Example 4.1, is of elliptic type. Instead, Example 4.2 is not of elliptic type.
First we collect some basic results on the abstract structure of the Sylow 3-subgroups of an extremal 3-Zomorrodian curves of elliptic type.
Lemma 5.1. Let G be a Sylow 3-subgroup of an extremal 3-Zomorrodian curve of elliptic type. Then (i) G can be generated by two elements; (ii) [G : G ′ ] = 9; Φ(G) = G ′ ; (iii) G contains exactly four maximal subgroups, each is normal and of index 3.
Proof. LetX = X /G ′ . From Result 2.4, the factor groupĜ = G/G ′ is an abelian subgroup of Aut(X ). If X were rational then by Result 2.3Ĝ would be cyclic, hence G itself would be cyclic by (iii) of Result 2.8, a contradiction with Proposition 3.1. Similarly, if g(X ) were bigger than 2, thenX would be an extremal 3-Zomorrodian curve which is impossible asĜ is abelian. We are left with the elliptic case, that is,X =Ē. Let P ∈ X be a fixed point of some non-trivial element of G. LetP ∈Ē be the point lying under P in the cover X |Ē. ThenḠP is non-trivial. SinceḠ is abelian, this yields |Ḡ| = 9 by Lemma 2.18. This shows first claim in (ii). Since G is not cyclic, the Burnside basis theorem yields [G : Φ(G)] ≥ 9. This together with G ′ ≤ Φ(G) and [G :
give the second claim in (ii). Since Φ(G) contains all maximal subgroups of G, claim (ii) yields that G/Φ(G) has exactly four subgroups, each being normal and of order 3. We prove a key result on the abstract structure of a Sylow 3-subgroup G of an extremal 3-Zomorrodian curve of elliptic type. From Result 2.12 and Lemma 2.20, we already know (for |G| ≥ 3 6 ), the existence of a unique abelian or minimal non-abelian subgroup of index 3. But we need some more properties of such a subgroup in order to determine the abstract structure of G.
Lemma 5.3. Let G be a Sylow 3-subgroup of an extremal 3-Zomorrodian curve of elliptic type. Then exactly one of the subgroups of G of index 3 is either abelian or minimal non-abelian. Let H be such a subgroup. If H is minimal non-abelian then H ′ ≤ Z(G) and the quotient curve X /H ′ is elliptic.
Proof. Choose a point P ∈ X fixed by some non-trivial element of G. Let Z be a subgroup of Z(G) for which the quotient curveĒ = X /Z is elliptic. Then the factor groupḠ = G/Z is a subgroup of Aut(Ē) of order 1 3 |G| such thatḠ P is non-trivial for the pointP lying under P in the cover X |Ē. From Lemma 2.17, G =H ⋊ḠP whereH =Ḡ ∩ J(Ē) andH =Ū ×V with two nontrivial cyclic groupsŪ andV . Let H be the subgroup of G containing Z such that H/Z =H. Then H is a subgroup of G of index 3. To show that H satisfies the property required, we may assume H to be non-abelian.
First we prove that d(H) = 2, that is, H can be generated by two elements. Let U and V be the (normal) subgroups of G containing Z for whichŪ = U/Z andV = V /Z. SinceŪ is cyclic, we have that U is abelian. More precisely, either U is cyclic, or U = U 1 × Z where U 1 is a cyclic group isomorphic toŪ . The same holds for V . Every element w ∈ H is a product w = uv with u ∈ U, v ∈ V . Obviously, if both U and V are cyclic, then d(H) = 2. Assume that U = U 1 × Z and V is cyclic. Then w = u 1 zv with u 1 ∈ U 1 , z ∈ Z, v ∈ V . Since z ∈ V , this yields w = u 1 v ′ with u 1 ∈ U 1 , v ′ ∈ V . Therefore, d(H) = 2. If both U and V are not cyclic, but z ∈ U 1 , V 1 then again w ∈ U 1 , V 1 and d(H) = 2. Otherwise, z ∈ U 1 , V 1 . We show that the set
Since z ∈ U 1 , V 1 is assumed, i must be equal to zero. Therefore,
|H|, the subgroup U 1 V 1 of H has index 3, and hence H = U 1 V 1 × Z. Therefore U 1 V 1 ∼ =H. This implies that U 1 V 1 is an abelian group. But then H itself must be abelian, a contradiction. Thus d(H) = 2.
Next we prove that H ′ = Z. As Z ≤ H and the factor group H/Z is abelian, Result 2.4 yields H ′ ≤ Z. On the other hand, H ′ is non-trivial as H is assumed to be non-abelian. Therefore, H ′ = Z. Now, Result 2.6 shows that H is minimal non-abelian, and the quotient curve X /H ′ =X is elliptic. Finally, uniqueness of H follows from Result 2.12 when H is non-abelian, and from Results 2.8, 2.11 and Lemma 5.1. Proof. We keep our notation from Remark 4.5.
We prove first that G \ H contains at least as many as 2 9 |G| elements of order 9. Let P ∈ Ω, and take a generator g of G P . From Remark 4.5, g fixes exactly three points of X , each lying in Ω. Furthermore, g ∈ G \ H, as its imageḡ in the natural homomorphism G →Ḡ has a fixed point onĒ and henceḡ ∈H, equivalently g ∈ H. Thus, G contains exactly We prove next that G \ H contains at least 4 9 |G| elements of order 3. From Remark 4.5, no non-trivial element in Z(G) \ Z has a fixed point in X . Hence, if X /Z is elliptic then X /Z(G) is also elliptic. Let Q ∈ θ and G Q = u . Then u has order 3. Furthermore, by Remark 4.5, u has as many as 9 fixed points in X , each lying in θ. Therefore, these 9 points form a Z(G)-orbit as |Z(G)| = 9. Thus θ splits into 1 27 |G| Z(G)-orbits each being the set of fixed points of G Q where Q ranges over θ. Since |G Q | = 3, each Z(G)-orbit in θ is preserved exactly by S Q = G Q × Z(G). In particular, S Q contains 9 elements from Z(G) and 18 elements off Z(G). All these facts remain true for Q ∈ σ.
Our aim is to show that among the non-central elements of G of order 3, exactly 4 9 |G| have a fixed point in θ ∪ σ. For this purpose, look at the intersection of two such subgroups, namely S Q and S R with Q, R ∈ θ ∪ σ. From |S Q | = |S R | = 27 and |Z(G)| = 9, either S Q ∩ S R = Z(G) or S Q = S R . The latter case occurs if and only if G R < S Q , equivalently, G R preserves the Z(G)-orbit containing Q. This shows that the coincidences S Q = S R can be counted by computing the number of Z(G)-orbits lying in θ ∪ σ on which G R acts. This computation can be carried out on the quotient curveX = X /Z(G), since the Z(G)-orbits preserved by G R = v are as many as the fixed points ofv inX wherev is the image of v in the natural homomorphism G →Ĝ. Observe thatX is elliptic as the elements of Z(G) with a fixed a point in X are exactly those in Z. Further, as v fixes R,v fixes the pointR ∈X lying under R in the cover X |X . There exist exactly two more fixed points ofv, sayŜ 1 ,Ŝ 2 . Let S 1 ∈ X be a point lying overŜ 1 in the cover X |X . Then G R × Z(G) preserves the Z(G)-orbit ∆ 1 containing S 1 . Therefore, for some z ∈ Z(G), vz fixes S 1 whence S 1 ∈ Ω ∪ θ ∪ σ follows. Actually, S 1 ∈ Ω, as Z is the unique subgroup of order 3 in G P whereas vz ∈ Z would yield v ∈ Z(G). Similarly, we have S 2 ∈ σ. Since θ (and σ) is partitioned in Z(G)-orbits whose size is divisible by 9, the number of G P -invariant Z(G) lie in θ (and σ) is divisible by 3. It turns out that each of the three Z(G)-orbits {∆ 1 , ∆ 2 , ∆ 3 } preserved by G R lie in either θ or σ. Such a triple {∆ 1 , ∆ 2 , ∆ 3 } does not change when R is chosen from ∆ 2 or ∆ 3 . Since |θ| = |σ| = 1 3 |G| and G R with R ∈ θ ∪ σ has as many as 18 elements off Z(G), the number of elements of order 3 in G \ H is at least 18 · Since some element of order 9 falls in G \ H, for instance the generator of the stabilizer G P with P ∈ Ω, Cases A(1) and B(1) do not occur. Also, G \ H contains some element of order 3, for instance the stabilizer G Q with Q ∈ θ, Cases A(2) and B(2) do not occur, as well. We are left with one of Cases A(3) and B(3).
In the former case |G| = 2 2e+1 , and we show that Z(G) = s . Therefore,Ḡ is isomorphic to B(3) for |Ḡ| = 2 2e , and to A(3) for |Ḡ| = 2 2(e−1)+1 . But this contradicts (14) . Thus H is not abelian.
Case of non-abelian H. If G has maximal nilpotency class, then the claim follows from Result 2.11. Otherwise, from the initial part in the proof of Result 2.16, one of the cases in (I) or (II) occurs. SinceḠ = G/Z(G) is given by (14) , G must be isomorphic to either I(1) or II (1) for II (1) . But this contradicts our assumption |Z(G)| = 3.
6. An infinite family of elliptic type extremal 3-Zomorrodian curves
We describe an explicit construction that provides an elliptic type extremal 3-Zomorrodian curve for every possible genus. We keep notation from Subsection 2.4 and suppose that |Ḡ| = 3 h+1 with h ≥ 2. SinceḠ is generated by two elements, the factor groupḠ/Φ(Ḡ) is an elementary abelian group of order 9 where Φ(Ḡ) is the Frattini subgroup ofḠ. AsH is a maximal subgroup, Φ(Ḡ) is contained inH.
Let θ 1 be the Φ(Ḡ)-orbit containingP = (−1, 0, 1). Then |θ 1 | = 3 h−1 . Since Φ(Ḡ) is a normal subgroup ofH, the H-orbit θ containingP is partitioned into three Φ(Ḡ)-orbits which may be parameterized by Φ(Ḡ) together with its two cosets inH.
More precisely, θ 1 = {f (P )|f ∈ Φ(Ḡ)} while the other two Φ(Ḡ) orbits are θ 2 = {ūf (P )|f ∈ Φ(Ḡ)} and θ 3 = {ū 2f (P )|f ∈ Φ(Ḡ)} whereū ∈H withū 3 ∈ Φ(Ḡ). For a proof of the following lemma, the Reader is referred to [26] , or [12, Section 4].
Lemma 6.1. IfQ ∈ θ 2 then the line throughP andQ meetsĒ in a pointR ∈ θ 3 . Now, take a line ℓ throughP and a pointQ ∈ θ 2 . Then ℓ has homogenous equation mX − Y + mZ = 0 for some m ∈ K. Furthermore, the (inflectional) tangent toĒ atP has homogenous equation X + Z = 0. In the function field K(Ē) = K(x,ȳ) withx 3 +ȳ 3 + 1 = 0, the rational function t = mx −ȳ + m x + 1 has one pole (with multiplicity 2), namelyP , and two zeros (both of multiplicity 1), one isQ while the other R is in θ 3 by Lemma 6.
Then the poles ofw, each with multiplicity 2, are exactly the points in θ 1 while the zeros ofw, each with multiplicity 1 are exactly the points in θ 2 ∪ θ 3 . From this, the following result follows.
Lemma 6.2. There is no element in K(Ē) whose cube is equal tow.
Therefore, we define the curve X as those whose function field K(X ) is the Kummer extension of K(Ē) defined by z 3 =w. Our goal is to show that X is an extremal 3-Zomorrodian curve. Since no nontrivial element inH fixes a point in θ, the above discussion also gives the following result. Lemma 6.3. For anyḡ ∈Ḡ, the rational functionḡ(w)/w is either constant, or its poles, each with multiplicity 3, are exactly the points of one of the Φ(Ḡ)-orbits θ 1 , θ 2 , θ 3 , and its zeros, each with multiplicity 3, are exactly the points of another of these Φ(Ḡ)-orbits.
To find a large 3-subgroup in Aut(X ) the following result is useful. 
whereS is a point inĒ. Since θ is aḠ-orbit, some elementḡ ∈Ḡ takesP toR. ThenḠQ is conjugate toḠP and hence it contains a nontrivial elementḡ * . Sinceḡ * (Q) =Q and the fixed points ofḡ * form a Z(Ḡ)-orbit, each of the three fixed points ofḡ * is in θ 2 . Furthermore,ḡ * preserves each of the Φ(Ḡ)-orbits
This together with (15) yieldS ≡ḡ * (S). SinceĒ is not rational,S =ḡ * (S) follows. Therefore, D 1 ≡ D 2 , and hence there exists a rational functionv ∈ K(Ē) such that div(v) = D 1 − D 2 . From Lemma 6.1. the claim follows.
Lemma 6.4 shows that for everyḡ ∈Ḡ, the map g defined by (17) g
is in Aut(X ). They are as many as |Ḡ| and form a subgroup of Aut(X ). The map
is also in Aut(X ). Therefore G together with its two cosets cG and c 2 G give a subgroup G of Aut(X ) of order 3|Ḡ| = 3
h+2 . On the other hand, since the poles ofw have multiplicity 2 and are the points in θ 1 while the zeros ofw have multiplicity 1 and they are precisely the points in θ 2 ∪ θ 3 , a basic fact on Kummer extensions, see for instance [21, Corollary III. 7.4] , states that g(X ) − 1 =
h . Therefore, X is an elliptic type extremal 3-Zomorrodian curve of genus g(X ) = 3
h + 1 such that G is a Sylow 3-subgroup of Aut(X ) and the following result is proven.
Lemma 6.5. The group G has the following properties.
(i) There exists an order 3 subgroup Z of Z(G) such that the quotient group G/Z is of maximal nilpotency class and contains an abelian maximal subgroup.
(iv) For h > 3, in terms of generators and relations G is the group given in Result 2.16.
Proof. Claim (i): Let Z be the subgroup of Z(G) generated by c. ThenḠ = G/Z is a subgroup of Aut(X ) and some non-trivial element ofḠ fixes a point inX . Therefore, the claim follows from Lemma 2.17.
Claim (ii): From the definition ofw, we havef (w) =w whenf ∈ Φ(Ḡ). Therefore, for everyf ∈ Φ(Ḡ),
is in Aut(X ), and hence such automorphisms form a group F ∼ = Φ(G). Therefore, Φ(G) = F × Z, and (ii) follows from Proposition 2.19. Claim (iii): Z(G) contains both c and β inducingβ on Aut(Ē), whereβ is as defined in Section 2.4, and hence |Z(G)| ≥ 9. On the other hand, |Ḡ| = 3. Hence (iii) holds. If h > 3, Claim (iv) comes from Theorem 5.5.
As a corollary of the results proven in the present subsection, the following result is obtained. Proposition 6.6. For every h ≥ 3 there exists an elliptic type extremal 3-Zomorrodian curve X of genus 3 h + 1 such that a Sylow 3-subgroup of Aut(X ) has the properties listed in Lemma 6.5.
Remark 6.7. We point out that the curve X in Proposition 6.6 gives rise up to at least two elliptic type extremal 3-Zomorrodian curves of genus 3 h−1 + 1. According to (iii) of Lemma 6.5, Z(G) has four subgroups of order 3. From Lemma 2.13, just one of them, say U , is such that |Z(G/U )| = 9. The arising quotient curve X /U is not elliptic, and hence an elliptic type extremal 3-Zomorrodian curve such that a Sylow 3-subgroup of Aut(X /U ) has center of order 9. Now, choose for U one of other three subgroups of Z(G) of order 3. From Lemma 2.13, |Z(G/U )| = 3. If U = Z where Z as in (ii) of Lemma 6.5, then the arising quotient curve the above elliptic curveX . For U = Z, Proposition 3.2 states that the quotient curve X /U has genus ≥ 2. From Proposition 4.4 it is an elliptic type extremal 3-Zomorrodian curve of genus 3 h−1 + 1 such that a Sylow 3-subgroup of Aut(X /U ) has center of order 3.
We illustrate our construction for the smallest case.
Example 6.8. LetḠ be the linear group U (3, 3) of order 27 generated byᾱ andδ : (X, Y, Z) = (Y, Z, X). Also, let J(Ē) ∩Ḡ = ᾱ,δ , and Z(Ḡ) = Φ(Ḡ) =Ḡ ′ = β . Let
Then θ 1 = {P ,P 1 ,P 2 }, θ 2 = {P 3 ,P 4 ,P 5 } and θ 3 = {P 6 ,P 7 ,P 8 }. Now, takeP 3 forQ. Then m = ε, as ℓ has equation εX + Y + εZ = 0, andt = (εx +ȳ + ε)/(x + 1). By a straightforward computation,w =x/ȳ 2 . Hence K(X ) is given by (20) x 3 +ȳ 3 + 1 = 0;
Furthermore,ᾱ(w)/w = −ε andδ(w)/w =ȳ 3 . Hence G = α, δ where α(x,ȳ, z) = (x, εȳ, −ε 2 z), and δ(x,ȳ, z) = (ȳ/x, 1/x,ȳ). Therefore, G ∼ ="SmallGroup"(81,9). Elimination x from (20) gives z 9ȳ3 +ȳ 3 +1 = 0 which is an (affine) equation of X regarded as a plane curve. A straightforward computation shows that X is isomorphic to Example 4.1.
Computations carried out by MAGMA package where K is viewed as the algebraic closure of the finite field F q can provide explicit equations for X and show the existence of elliptic type extremal 3-Zomorrodian curves with Sylow 3-subgroup of maximal nilpotency class. Here we limit ourselves to g(X ) = 82, 244.
Let h = 5. The smallest prime q such that Aut(Ē) has a subgroup of order |Ḡ| = 3 6 defined over F q is q = 271. This allows us to find an explicit equation for X over F 271 , in terms of K(X ) = K(x, y, z) we have Furthermore, G has order 2187 and its center Z(G) is isomorphic to C 3 × C 3 . Since β inducingβ is in Z(G), the arising quotient curveX = X / β is an elliptic type extremal 3-Zomorrodian curve of genus g(X ) = 82 with function field K(ξ, η, ζ) where A Sylow 3-subgroup of Aut(X ) is isomorphic to "SmallGroup"(729,100). Another maximal quotient of G is isomorphic to "SmallGroup"(729,95) which contains an abelian subgroup of index 3. Hence the arising quotient curve is elliptic. The forth maximal quotient of G is isomorphic to "SmallGroup"(729,40) whose center is an elementary abelian group of order 9.
Let h = 4. This time we choose q = 73. Then Aut(Ē) has a subgroup of order 729 defined over F 729 and our construction provides an elliptic type extremal 3-Zomorrodian curve X of genus g(X ) = 82. In terms of K(X ) = K(x, y, z), A Sylow 3-subgroup G is isomorphic to the "SmallGroup"(729,40). Its four subgroups of index 3 are isomorphic to "SmallGroup"(243,53), "SmallGroup"(243,15), "SmallGroup"(243,2), "SmallGroup"(243,53), respectively. None of these are abelian whereas "SmallGroup"(243,2) is the unique minimal non-abelian. The four quotient groups of G arising from the order 3 subgroups of Z(G) areḠ 1 ∼ ="SmallGroup"(243,3), G 2 ∼ ="SmallGroup"(243,26),Ḡ3 ∼ ="SmallGroup"(243,28), andḠ 4 ∼ ="SmallGroup"(243,28) respectively. Here, |Z(Ḡ 1 )| = 9, |Z(Ḡ 2 )| = |Z(Ḡ 3 )| = |Z(Ḡ 4 )| = 3, and just one of them, namelyḠ 2 , has an abelian subgroup of index 3.
Elliptic type extremal 3-Zomorrodian curves of low genus
For g(X ) = 10, 28, Lemma 5.3 together with Result 2.10 are enough to determine the structure of G. Here, we give some more detail.
7.1. Genus=28. Let q = 73 and X as in case h = 4; see Section 6. Four quotient curves arise from the order 3 subgroups of Z(G), sayX i , withḠ i ≤ Aut(X i ). Here,X 2 is elliptic, the other three being elliptic type extremal 3-Zomorrodian curves of genus 28. At least two of them,X 1 andX 3 , are non-isomorphic. The subgroupḠ 1 ∼ ="SmallGroup"(243,3) of Aut(X 1 ) has no abelian but two minimal non-abelian subgroups. The subgroupḠ 3 ∼ ="SmallGroup"(243,28) of Aut(X 3 ) has no abelian but one minimal non-abelian subgroup. The latter one holds forX 4 which may be isomorphic toX 3 .
Apply the construction in Section 6 for h = 3, and choose q = 19. Then the resulting curve X is, in terms of K(X ) = K(x, y, z), x 3 + y 3 + 1 = 0; z 3 = (y 6 + y 3 + 1)/(y 5 + y 2 )x.
The following maps are in Aut(X )
f (x, y, z) = g(x, y, z) = (7x, 7y, 16z).
and they generate a group G isomorphic to "SmallGroup"(243,3). Its four subgroups of index 3 are isomorphic to "SmallGroup"(81,3), "SmallGroup"(81,3), "SmallGroup"(81,12), "SmallGroup"(81,12), respectively. The four quotient groups of G arising from the order 3 subgroups of Z(G) are isomorphic to the non-abelian groups G 1 ∼ ="SmallGroup"(81,7),Ḡ2 ∼ ="SmallGroup"(81,7),Ḡ3 ∼ ="SmallGroup"(81,9),Ḡ4 ∼ ="SmallGroup"(81,9), respectively. For 1 ≤ i ≤ 4, |Z(Ḡ i )| = 3, andḠ i is of maximal nilpotency class.
7.2. Genus=10. Let q = 19. We have four quotient curvesX i withḠ i ≤ Aut(X i ) whereḠ i is defined at the end of Subsection 7.1. Since "SmallGroup"(81,7) has an elementary abelian group of order 27 but "SmallGroup"(81,9) does not, we have thatX i is elliptic only for either i = 3, or i = 4, say i = 4. Thereforē X i is an elliptic type extremal 3-Zomorrodian curve of genus 10 with a Sylow 3-subgroup isomorphic to "SmallGroup"(81,7) for i = 1, 2 and to "SmallGroup"(81,9) for i = 3. Choose that i with i ∈ {1, 2, 3} for whichḠ i = G/Z with Z = β and β(x, y, z) = (ǫx, ǫ 2 y, z). Then K(X i ) = K(ξ, η, ζ) where ξ = xy, η = y 3 , ζ = z, that is,
η 2 +η ξ.
whence γ(y) = νy with ν 9 = 1. Thus γ(y) ∈ F , and hence γ(F ) = F . If γ(ξ) = θ = −(ξ + 1)/ξ then γ(x) 3 = −(x 3 + 1)/x 3 . Then γ(x) 3 = (y 3 /x 2 ) 3 , whence γ(x) = ε i (y 3 /x 2 ) with 0 ≤ i ≤ 2. Thus γ(x) ∈ F . Moreover, from y 9 + x 6 + x 3 = 0, 0 = γ(y 9 ) + γ(x 6 ) + γ(x 3 ) = γ(y) = 0, whence γ(y) = ν(x/y 2 ) with ν 9 = 1. So γ(y) ∈ F , and hence γ(F ) = F .
We show how to use Lemma 8.1 for the construction of a tower of curves {X ℓ } with ℓ = 1, 2, . . . , consisting of extremal 3-Zomorrodian curves of non elliptic type. We change our notation by setting F 0 = X 0 where X 0 is the above elliptic type extremal 3-Zomorrodian curve of genus g(X 0 ) = 10 given by the affine equation y 9 + x 6 + x 3 = 0. Let t ∈ F 0 be defined as in (21) . Now, F 0 has a unique maximal unramified abelian 3-extension L in a fixed algebraic closureF 0 of F 0 . This means that (i) L|F 0 is a Galois extension of degree 3 2g(F0) , (ii) L|F 0 is an unramified extension, (iii) Gal(L|F 0 ) is an elementary abelian 3-group, see, for instance, the survey [18, Section 4.7] . It should be noticed that if both the extensions L|F and F |K(t) are Galois extensions, the extension L|K(t) needs not be Galois. Let L ′ the Galois closure of F over K(t) inF 0 , and set Γ = Gal(L ′ |K(t)). Then the diagram shows the fields extensions with the relative dimensions which we deal with:
. This implies that 3 2g(F0)+4 divides |Γ|. Since Γ fixes t, Lemma 8.1 yields that Γ preserves F 0 . Since L is the unique maximal unramified abelian 3-extension of F 0 inF 0 , this shows that Γ preserves L, as well. Let Proof. Let G 0 be the subgroup of G which fixes X 0 pointwise. Then the quotient group G/G 0 is an elementary abelian 3-group of order 3 2g(F0) ≥ 9. Therefore, G/G 0 has more than four maximal subgroups of index 3, and this holds true for G. From Lemma 5.1, X 0 is not of elliptic type.
The above construction also works if L is taken for the unique maximal unramified abelian 3 m -extension of F 0 inF 0 where m is any positive integer. Here K has the following properties.
(i) L|F 0 is a Galois extension of degree 3 2g(F0)m , (ii) L|F 0 is an unramified extension, (iii) Gal(L|F 0 ) is the direct product of 2g(F 0 ) cyclic groups of order 3 m .
Therefore, the construction provides an infinite family of non elliptic type extremal 3-Zomorrodian curves.
